Response of Cross-Ply and Quasi-Isotropic Laminates to Distributed Dynamic Surface Loads by Lih, Shyh-Shiuh & Mal, Ajit K.
RESPONSE OF CROSS-PLY AND QUASI-ISOTROPIC LAMINATES TO 
DISTRIBUTED DYNAMIC SURFACE LOADS 
Shyh-Shiuh Lih and Ajit K Mal 
Department of Mechanical, Aerospace and Nuclear Engineering 
University of California, Los Angeles, CA 90024 
INTRODUCTION 
The dynamic surface load problem for elastic solids has been investigated 
extensively because of its importance in a variety of engineering applications 
including nondestructive evaluation (NDE) [1]. To the authors' knowledge 
the theoretical solution to the problem of the anisotropic and heterogeneous 
plate has not appeared in the literature to date. The two-dimensional line 
load problem of the multilayered laminate has been considered by Green and 
Baylis [2] and others. The formal solution of the three dimensional problem 
for a multilayered, angle-ply laminate subjected to spatially periodic 
distributed surface loads has been given by Mal [3]. Mal and Lih [4,5] have 
examined the response of a unidirectional fiber composite plate subjected to 
transient point and line loads. 
In this paper the multiple t~ansform technique developed in Mal and Lih 
[4, 5] is used to calculate the spectra and time histories of the surface 
displacements produced by Gaussian-distributed loads on multilayered 
laminates. Calculations are also carried out by means of an approximate 
shear deformation plate theory and its accuracy is examined through 
comparison between the results obtained from the exact and approximate 
treatments. 
FORMAL SOLUTION OF DYNAMIC SURFACE LOAD PROBLEM 
Consider a multilayered composite laminate consisting of a stack of N 
laminae subjected to the surface loading {(Xl' X 2, t) shown in Fig. 1. A global 
coordinate system X(XI , X 2, X3) with the origin on the top surface of the 
laminate and an auxiliary local coordinate system x(Xl> X2, xa) in each lamina 
with the xcaxis along the fiber direction and the xa-axis parallel to the Xa-axis 
are introduced. Each lamina is modeled as a transversely isotropic and 
dissipative material and using the material model described in [6]. 
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Introducing Fourier time transforms for all time-dependent variables, 
the equations of motion become 
(1) 
where Pm is the density, aij m(x, w), 8im(x, w) are the Fourier time transforms of 
the displacement and stress components, uij m(x, t), qt(x, w), in the mth 
lamina, w is radial frequency and the indices i, j take on the value I, 2, 3. 
These equations must be supplemented by the constitutive equations and the 
solution must satisfy the outgoing wave (or radiati.on) condition at large 
lateral distances from the load. Assuming that 'i(X1, X2, w) is the Fourier 
time transform of the surface loading ~(Xl' X 2, t), the boundary conditions can 
be expressed in the form 
X3·lea 
Fig. 1. Geometry of the problem. 
A 1 A 
OjjeX!' X2' 0, w) - - lieX!' X2' w) (2) 
o~exl' X2' H, w) = 0 
Assuming that no delamination occurs at the interfaces, the traction and the 
displacement must be continuous across the interfaces parallel to the XCX2 
plane, i.e, 
ur i(x!, X2' X3"" w) - uteX!, X2' X3111, w) (3) 
where X3 = X3m is the location of the interface between the (m-1)th and mth 
layers. 
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In order to solve the equations of motion (1), double spatial transforms 
of the displacement and stress for each layer are mtroduced in the forms 
(4a) 
(4b) 
(4c) 
where ~l and ~2 are the global wave numbers in Xl and X2 directions, 
respectively. The problem is then solved by the method used in Mal and Lih 
[4,5]; the details will not be repeated here. The approximate solution is also 
presented in the cited paper and will be omitted. 
NUMERICAL RESULTS 
Numerical results are presented for several locations of the field point 
under a normal Gaussian-distributed load over the surface of the plate. The 
load f3 can be expressed in the form 
where L is the standard deviation of the distribution. The time history of 
the load is assumed to be a sine cycle of duration T in the form 
ft..t) - sin(21tt/"C), 0 < t < "C 
In all calculations the value of the parameter T is assumed to be either 
0.5 p's or 2 p's, and the laminate is assumed to be a 1 mm thick 
graphite/epoxy composite; its elastic properties are given in [6]. The units of 
force and stress are KN and GPa, and 4> denotes the angle of propagation of 
the waves to the fibers of the top lamina. 
Figs. 2 and 3 show the time history of the surface displacement, U3, in a 
[0,90]28 cross-ply at different orientations and distances with T = 0.5 p's and 
2 p's, respectively. The approximate results are also presented for 
comparison. It can be seen that the main pulse in the surface motion is the 
flexural wave which is reproduced reasonably well in the approximate 
solution. The main difference between the motion for T = 0.5 p's and T = 2 
p's is that the high frequency oscillations are absent in the latter case. 
Furthermore, the approximate theory underestimates the flexural wave speed 
in all cases. 
1171 
-
.
J N
 
-
-
EX
AC
T 
.
.
.
.
 
S_
D_
P_
T_
 
T 
=
 
0.
5 
!1-
s 
0°
 
15
° 
30
° 
45
0 
60
0 
75
° 
90
° 
0_
00
15
~
-
-
-
5m
m
 
~.~~~: 
~ ~ '1111
1,,,
,. 
11
 :tI 
"
 
11
 ~ .. " 
0.
00
00
1 
~'I\
i!l(
(" 
~
 
tJ"'
Iio 
-
0.
00
05
 
-
0.
00
10
 
-
0_
00
15
 
E 
0_
00
15
 j 
lO
m
m
 
E 
0.
00
10
 
~ 0
.
00
05
 ~
'f1U
lb' ''''''
''
,
 
I h
r 
II 
...
...
 ''',. 
I L
,r-
I L
..-
I L
A""
> 
I ~
~,
 
~ 
0.
00
00
 
tJ
.i
1
w
n
 
\l
id
 
: 
rw
 n 
l'
W
 
ro
w 
l
IP 
] .
 Ii" 
j 
-
0.
00
05
 
-
e; 
-
0.
00
 10
 
Q 
-
0_
00
15
 
0.
00
15
 I 
15
m
m
 
0.
00
10
 
0.
00
05
 ~J.
Jll
b •• 
"
lIb
,,,
 
I L
~ 
11
 
AA
 
_
 
11
 
tv
. 
~
 J 
h 
I ~
 
O,
OO
OO
j'P
f1r
W'
hfW
'\11
Wt
ih 
3 
W
 
~
 
l
~
 
..
 ~
 ~
 
lW
" 
-
0.
00
05
 
-
0.
00
10
 
-
0 .
00
 15
 _
 
_
 
_
 
_
.
 
_
 
.
 
-
-
-
-
-
-
-
-
-
o
 
5 
10
 1
5 
20
 2
5 
30
 3
5 
0 
5 
lO
 1
5 
20
 2
5 
30
 3
5 
a 
5 
10
 1
5 
20
 2
5 
30
 3
5 
0 
:; 
10
 1
5 
20
 2
5 
30
 3
5 
0 
5 
10
 1
5 
20
 2
5 
30
 3
5 
a 
5 
10
 I
i) 
20
 2
5 
30
 3
5 
0 
5 
10
 1
5 
20
 2
5 
30
 3
5 
TI
ME
 
(",
s) 
Fi
g.
 2
. E
xa
ct
 a
n
d 
a
pp
ro
xi
m
at
e 
tim
e 
hi
st
or
ie
s 
o
f t
he
 n
o
rm
a
l d
is
pl
ac
em
en
t o
n
 a
 1
 m
m
 t
hi
ck
 [0
, 9
0]2
8 
la
m
in
at
e 
su
bje
cte
d t
o 
a 
G
au
ss
ia
n-
di
st
ri
bu
te
d 
lo
ad
, w
it
h 
a 
si
ne
 c
yc
le
 p
ul
se
 o
f d
ur
at
io
n,
 T 
=
 0
.5
 p
.s.
 
-
.
.
J 
W
 
EX
A
CT
 
S.
D
.P
.T
. 
T 
2 
J1
-s o·
 
15
· 
30
· 
45
· 
60
· 
75
° 
90
° 
0.
01
00
 
I "~"i
fmm 
0.
00
00
 
: 
-
0.
00
50
 
-
0.
01
00
 
S 
0.
01
00
 
S 
1 
lO
m
m
 
~
 
0.
00
50
 
E
- Z ""
 
0.
00
00
 
:::
i! u 
i" 
~ 
-
0.
00
50
 
rJ
l i5 
-
0.
01
00
 
0.
01
00
 ~
 
0.
00
50
 
0.
00
00
 
\1 
h 
I 
~
 ~
 
-
0.
00
50
 
-
0.
01
00
 I,
 '"
 
"
 
"
 
,
 
,
 
"
,
I 
o
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
 3
5 
0 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
 2
5 
30
 3
5 
TI
M
E
 
(I
's)
 
Fi
g.
 3
. S
am
e 
a
s 
in
 F
ig
. 2
 f
or
 T
 
=
 2
 p
.s.
 
-
.
.
.
I 
.
j>.
 
T 
0.
5J
.ls
 
0°
 
15
° 
30
° 
45
° 
60
° 
75
° 
90
° 
0.
00
15
 1
 
5
rn
m
 
0.
00
10
 
0.
00
05
 H~
' 
0.
00
00
 
-
0.
00
05
 
~
 ~
 ~11'\_'W
'WI/I:I
/o'III"
'''~ 
~ 
~Ulh
 
~ 
!'W
" 
-
0.
00
10
 
-
0.
00
15
 
S 
0.
00
15
 
E-
0.
00
10
 j 
1
0r
nr
n 
Eo
-
0.
00
05
 
Z '"
 
0.
00
00
 
:::
l ~ 
-
0.
00
05
 
~
-. 
.
.
.
.
.
-
-
.
.
.
.
, 
~
-
-
-
-
I
 ~
-
-
-
-
I
 r
v-
--
--
! ~
 
c:: C/J is 
-
0.
00
10
 
-
0.
00
15
 
0.
00
15
 
0.
00
10
 j 
1
5
m
m
 
0.
00
05
 
o
,o
o
o
o
h
 
-
0.
00
05
 
IV
 
\i
f 
r-
v 
r-
v
--
--
l 
~
 ~
 
-
0.
00
10
 
-
0.
00
15
 1
 
,
 
,
 
i
i
i
 
i 
I 
o
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
3
5
 0
 
5 
10
 1
5
2
0
2
5
3
0
' 3
5 
TI
M
E 
(JL
s) 
Fi
g.
 4
. T
im
e 
hi
st
or
ie
s 
o
f t
he
 n
o
rm
a
l d
is
pl
ac
em
en
t o
n
 a
 1
 m
m
 t
hi
ck
 [0
, ±
45
, 9
0]
s l
am
in
at
e 
su
bje
cte
d t
o 
a 
G
au
ss
ia
n-
di
st
ri
bu
te
d 
lo
ad
, w
ith
 a
 s
in
e 
cy
cl
e 
pu
ls
e 
fo
r 
T 
=
 0
.5
/ls
. 
T = 0.5 p.s 
1~~r[J15' D30• nDJ60' [J75' [JUO' 
iiEEWoomm DOOWDDO j 0.0020 
0. 0.0015 S 0.0010 
0.0005 
0.0000 
o I 2 30 I 2 30 I 2 30 I 2 30 I 2 30 I 2 30 1 2 3 
FREQUENCY (MHz) 
Fig. 5. Spectra of the normal displacement on a 1 mm thick [0, 90]28 
laminate subjected to a Gaussian-distributed load, with a sine cycle pulse 
for T = 0.5 p.s. 
T = 0.5 p.s 
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Fig. 6. Same as in Fig. 5 for a [0, ±45, 90ls laminate. 
Fig. 4 shows the time history of the normal displacement on the top 
surface of a [0, ±45, 90]s quasi-isotropic laminate subjected the same loading 
condition as in Fig. 2. It can be seen that the arrival times of the main pulse 
in both case are very close; however, the oscillation of the quasi-isotropic case 
is more pronounced. The spectra of Figs. 3 and 4 are shown in Figs. 5 and 6, 
respectively, where the 15 mm cases are omitted for simplicity. In these 
figures the peak spectra are associated with the high frequency oscillations of 
the time histories and the peak frequencies correspond to the first cut-off of 
higher modes in dispersion curves (c. f. [7]). 
CONCLUDING REMARKS 
In this paper the elastodynamic field produced in two multilayered 
composite laminates by a dynamic surface load are presented. The multiple 
transform technique used in the calculation is able to accurately predict the 
displacements and stresses produced in the laminates by distributed surface 
loads. Although the associated numerical codes are CPU-intensive, they 
1175 
should be much more efficient than the currently available numerical codes 
for the analysis of three-dimensional models. The method can be used in 
NDE for analyzing the surface motion produced by contact type of 
transducers. 
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